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Abstract. The aim of this paper is to show how a weakly dispersive perturba- 
tion of the inviscid Burgers equation improve (enlarge) the space of resolution 
of the local Cauchy problem. More generally we will review several problems 
arising from weak dispersive perturbations of nonlinear hyperbolic equations 
or systems 

1. Introduction 

This paper is the first of a series on the Cauchy problem for dispersive pertur- 
bations of nonlinear hyperbolic equations or systems. Our motivation is to study 
the influence of dispersion on the space of resolution, on the lifespan and on the 
dynamics of solutions to the Cauchy problem for "weak" dispersive perturbations of 
hyperbolic quasilincar equations or systems, as for instance the Boussincsq systems 
for surface water waves. 

In the present paper we will focus on the model equation (the so-called Whitham 
equation [63]): 

/oo 
k(x - y)u x (y,t)dy = 0. 
-oo 

This equation can also be written on the form 
(1.2) u t + uu x — Lu x = 0, 

where the Fourier multiplier operator L is defined by 

Lf(0=p(0f(0, 

where p = k. 

Precise assumptions on k (resp.p) will be made later on. In the original Whitham 
equation, the kernel k was given by 

1/2 

that is = (is*£) . 

The dispersion is in this case that of the finite depth surface water waves without 
surface tension. 

The general idea is to investigate the " fight" between nonlinearity and dispersion. 
Usually people attack this problem by fixing the dispersion (eg that of the KdV 
equation) and varying the nonlinearity (say u p u x in the context of generalized 
KdV). 
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Our viewpoint, which is probably more physically relevant, is to fix the quadratic, 
nonlinearity (eg uu x ) and to vary (lower) the dispersion. In fact in many problems 
arising from Physics or Continuum Mechanics the nonlinearity is quadratic, with 
terms like (u ■ V)it and the dispersion is in some sense weak. In particular the 
dispersion is not strong enough for yielding the dispersive estimates that allows to 
solve the Cauchy problem in relatively large functional classes (like the KdV or 
Benjamin-Ono equation in particular), down to the energy level for instance^ 

Two basic issues can be addressed, a third one will be presented in the final 
section. 

1. Which amount of dispersion prevents the hyperbolic (ie by shock formation) 
blow-up of the underlying hyperbolic quasilincar equation or system. This question 
has been apparently raised for the first time by Whitham (see [63]) for the Whitham 
equation A physicist's view of that problem is displayed in [451 where it is 

claimed that the collapse of gradients (wave breaking) is prevented when p(£) = 
|£| a , a > "by comparison of linear and nonlinear terms". 

A typical result (see [53], |10j ) suggest that for not too dispersive Whitham type 
equations that is for instance when = |£| Q , — 1 < a < 0, (jl.lj) still presents a 
blow-up of Burgers type. This has been proved for Whitham type equations, with 
a regular kernel k satisfying 

(1.4) k G C(R) n L 1 (M), symmetric and monotonically decreasing on R + , 

by Naumkin and Shishmarev [53] and by Constantin and Escher |10j . without an 
unnecessary hypothesis made in |53j . The blow-up is obtained for initial data which 
are sufficiently asymmetric. More precisely : 

Theorem 1.1. [TD] Let u G H°°(R) be such that 

inf \u' {x)\ + sup\u' (x)\ < -2fc(0). 

x£R 

Then the corresponding solution of undergoes a wave breaking phenomena, 

that is there exists T = T(uq) > with 

sup \u(x, t)\ < oo, while sup \u x (t, x)\ — > oo as t — > T. 

(i,()e[0,T)xR zGR 

The previous result does not include the case of the Whitham equation 
with kernel given by (|1.3[) since then fc(0) = oo, but it is claimed in [10] that the 
method of proof adapts to more general kernels. 

This has been proven recently by Castro, Cordoba and Gancedo [9] for the 
equation 

(1.5) u t + uu x + D^nu = (), 

where H is the Hilbcrt transform and D° is the Riesz potential of order — /3, i.e. 
D@ is defined via Fourier transform by 

(i-6) firm = 

^And thus obtaining global well-posedness from the conservation laws. 
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for any j3 £ R. It is established in [9] (see also [27] for the case /3 = \) that for 
< /? < 1, there exist initial data u £ L 2 (R) n C 1+5 (R), < 5 < 1, and T(u ) 
such that the corresponding solution u of (|1.5p satisfies 

lim ||u(-,*)||ci+*(K) = +°o- 

This rules out the case —1 < a < in our notation. It would be interesting to 
extend this result to a non pure power dispersion, for instance f| 1 . 3[) . 

The case < a < 1 is much more delicate (see the discussion in the final Section) . 

Remark 1.1. Similar issues have been addressed in |41j for the Burgers equation 
with fractionally dissipation. 

2. Investigate the influence of the dispersive term on the theory of the local well- 
posedness of the Cauchy problem associated to the general "dispersive nonlinear 
hyperbolic system" (|4.10p . Recall that, for the underlying hyperbolic system (that 
is when C = in (|4.10[) below) assumed to be symmctrizable, the Cauchy problem 
is locally well-posed for data in the Sobolev space H s (M. n ) for any s > § + 1- 

The question is then to look to which extent the presence of C can lower the 
value of s. This issue is well understood for scalar equations with a relatively high 
dispersion, as the Korteweg-dc Vrics, Benjamin-Ono, etc,... equations, much less 
for equations or systems with a weak dispersive part. 

Again, we will focus in the present paper on the scalar equation (jl.ip on its form 
flLg) that is 

(1.7) d t u - D a d x u + ud x u = 0, 

where x, t £ R, e is small positive number and D a is the Riesz potential of order 
—a defined in (| 1 .6|) . When a = 1, respectively a = 2, equation (|1.7[) corresponds to 
the well-known Benjamin-Ono and respectively Korteweg -de Vries equations. This 
equation has been extensively studied for 1 < a < 2 (see [T3l [14] and the references 
therein). In the following we will consider the less dispersive case < a < 1. The 
case a — h is somewhat reminiscent of the linear dispersion of finite depth water 
waves with surface tension that have phase velocity (in dimension one and two, 
where k is a unit vector) which writes in dimension one or two 

( , 8) c(k) = ^w(«)>^)\ 

In the case a = 0, equation (| 1 . T[) becomes the original Burgers equation 

(1.9) d t u = ud x u, 

by performing the natural change of variable u(x, t) = u(x — et,t), while the case 
a = — 1 corresponds to the Burgers-Hilbert equation 

(1.10) d t u + V.u = ud x u, 

where % denotes the Hilbcrt transform. Equation (|1.10[) has been studied in (9[ [25] . 
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The following quantities are conserved by the flow associated to (|1.7|) . 

(1.11) M(u) = I u 2 {x,t)dx, 

Jr 

and 

(1.12) H(u)= [ d-\D^u(x,t)\ 2 -^u 3 (x 7 t))dx. 

Jr 1 f 

Note that by the Sobolev embedding Hs(R) ^ L 3 (R), H(u) is well-defined 
when a > ^. Moreover, equation (| 1 . T[) is invariant under the scaling transformation 

u x (x,t) = \ a u{\x,\ a+1 t), 

for any positive number A. A straightforward computation shows that ||ua||^ s = 
X s+a ~i \\u\Wjjs, and thus the critical index corresponding to (|1.7|) is s a = ^ — a. 
In particular, equation (|1.7|) is L 2 -critical for a — \. 

By using standard compactness methods, one can prove that the Cauchy problem 
associated to (|1.7p is locally well-posed in H S (M.) for s > |. 

Moreover, interpolation arguments (see [55]) or the following Gagliardo-Nirenbcrg 
inequality, (see for example the appendix in [§]), 

HU»;$IM|3hP*HI!3> a>J, 

combined with the conserved quantities M and H defined in (jl.lip and (|1.12[) 
implies the existence of global weak solution in the energy space H % (R) as soon as 
a > \ and for small data in if3(R) when a = \ (see [SS]). More preciseljQ: 

Theorem 1.2. Let ^ < a < 1 and uq £ H%(R). Then (|1.7[) possesses a global 
weak solution in L°°([0, T]; (R)) with initial data uq. The same result holds when 
a = ^ provided ||i*o||i 2 * s small enough. 

Moreover, it was established in [21] that a Kato type local smoothing property 
holds, implying global existence of weak L 2 solutions : 

Theorem 1.3. Let i < a < 1 and uq £ L 2 (K.). Then (|1.7[) possesses a global weak 
solution in L°°([0, oo); L 2 (R)) n ^°°Lf oc (R; iJ ; f c (R)) wrf/i ini^oi rfata u . 

However, the case < a < i is more delicate and the previous results are not 
known to hold. In particular the Hamiltonian H together with the L 2 norm do not 
control the H 2"(R) norm anymore. Note that the Hamiltonian does not make sense 
when < a < 3. 

The main result of this paper establishes that the space of resolution of the local 
Cauchy problem enlarges with a. More precisely we will prove 

Theorem 1.4. Let < a < 1. Define s(a) = | — ^ and assume that s > s(a). 
Then, for every uq G H s (M), there exists a positive time T = T(\\uo\\h s ) (which 
can be chosen as a nonincreasing function of its argument) , and a unique solution 
u to (|1.7j) satisfying w(-,0) = uo such that 

(1.13) ueC([0,T}: H S (R)) and d x u G L 1 ([0,T] : L°°(R)). 

2 We recall that we excludes the value a = 1 which corresponds to the Benjamin-Ono equation 
for which much more complete results arc known. 
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Moreover, for any < T" < T, there exists a neighborhood U of Uq in H s (R) such 
that the flow map data-solution 

(1.14) Sf, : U — C([0,T'];# s (R)), u i— »■ u, 

is continuous. 

Remark 1.2. In the case a = 1 in Theorem [LH wc get s(l) = |, which corresponds 
to Kenig, Koenig's result for BO [35]. 

Remark 1.3. Of course, the problem to prove wcll-posedness in £/~t(R) in the 
case i < a < 1, which would imply global wcll-posedness by using the conserved 
quantities (|l.lll) and (|1.12[) . is still open. The use of the techniques in [21] might 
be useful to lower the value of s. 

Remark 1.4. It has been proven in [52] that, for < a < 2 the Cauchy problem 
is C 2 - ill-posecH for initial data in any Sobolev spaces 7J S (R), s G R, and in par- 
ticular that the Cauchy problem cannot be solved by a Picard iterative scheme 
implemented on the Duhamcl formulation. 

On the other hand, it is well-known that one can still prove local well-posedncs^ 
for equation (|1.7[) below iJa + (R) when a > 1. Actually, the Benjamin-Ono equa- 
tion (corresponding to a = 1) is well-posed in i 2 (R) [28] [51] as well as equation 
([l.lOp when 1 < a < 2 [24] (see also [23] for former results). The question to know 
whether the same occurs in the case < a < 1 seems to be still open. 

Remark 1.5. Theorem 11.41 can very likely be extended for non pure power disper- 
sions like ([Eg]) . 

Remark 1.6. One could wonder about the existence of global solutions with small 
initial data. This was solved in |61| when a > 1 but the case a < 1 seems to be 
open. 

We now discuss the main ingredients in the proof of Theorem 11.41 Since we 
cannot prove Theorem 11.41 by a contraction method as explained above, we use a 
compactness argument. Standard energy estimates, the Kato-Ponce commutator 
estimate and Gronwall's inequality provide the following bound for smooth solutions 

\\u\\l~h- <c\\u \\ H .e c tfW* u ^ dt . 

Therefore, it is enough to control ||9 a; it||Li i z,°o at the IP-level to obtain our a priori 
estimates. 

Note that the classical Strichartz estimate for the free group e tD dx associated 
to the linear part of (|1.7p . and derived by Kenig, Ponce and Vega in [35], induces 
a loss of derivatives in L°° , since we are in the case < a < 1 (see Remark 
12.11 below). Then, we need to use a refined version of this Strichartz estimate, 
derived by chopping the time interval in small pieces whose length depends on the 
spatial frequency of the function (see Proposition 12.21 below) . This estimate was 
first established by Kenig and Koenig [35] (based on previous ideas of Koch and 
Tzcvtkov 44]) in the Bcnjamin-Ono context (when a = 1) . 

We also use a maximal function estimate for e tL>c " dx in the case < a < 1, which 
follows directly from the arguments of Kenig, Ponce and Vega [39]. Moreover 
to complete our argument, we need a local smoothing effect for the solutions of 



'That is that the flow map cannot be C 2 . 
Assuming only the continuity of the flow 



(i 



F. LINARES, D. PILOD, AND J.-C. SAUT 



the nonlinear equation (|1.7j) . which is based on series expansions and remainder 
estimates for commutator of the type [D a d x ,u] derived by Ginibre and Velo [21] . 

All those estimates allow us to obtain the desired a priori bound for H^euII^lxoo 
at the H s -level, when s > s(a) = § — via a recursive argument. Finally, we 
conclude the proof of Theorcm ll.4[ by applying the same method to the differences 
of two solutions of (|1.7|) and by using the Bona-Smith argument [8]. 

The plan of the paper is as follows. The next section is devoted to the proof of 
Theorem 11.41 We then prove a ill-poscdness result for (|1.7j) . namely that the flow 
map cannot be uniformly continuous when ^ < a < ^, based on the existence of 
solitary waves the theory of which is briefly surveyed in the last section where we 
present also some open questions concerning blow-up or long time existence that 
will be considered in subsequent works and comment briefly on the BBM version 
of the dispersive Burgers equation (|1.7[) . 

Notations. The following notations will be used throughout this article: D 3 = 
(— A)^ and J s = (I — A)i denote the Riesz and Bessel potentials of order — s, 
respectively. H denotes the Hilbert transform. Observe then that D 1 = T~Ld x . 

For 1 < p < oo, L P (R) is the usual Lebesgue space with the norm || • ||lp, and for 
s£l, the Sobolev spaces H S (R) is defined via its usual norm ||</>||ffs = || J s (/)\\l 2 - 

Let / = f{x,t) be a function defined for x £ R and t in the time interval [0,T], 
with T > or in the whole line R. Then if X is one of the spaces defined above, 
we define the spaces L V T X X and L\X X by the norms 

II/IIl^ = (^II/M)IIa-*)" and ||/|| if ^ = (Jjf(.,tW x dt)\ 

when 1 < p < oo, with the natural modifications for p = oo. Moreover, we use 
similar definitions for the spaces L q x Li^ and L\L V T , with 1 < p, q < oo. 

Finally, we say that A < B if there exists a constant c > such that A < cB (it 
will be clear from the context what parameters c may depend on). 

2. Proof of Theorem If .41 

We start by proving various dispersive estimates. 

2.L Linear estimates, energy estimates and local smoothing effect. In this 
section, we consider the linear IVP associated to (|I.7[) 

r d t u-D a d x u = o 

\ u(x 7 0) = u Q (x), 

whose solution is given by the unitary group e tD 9x , defined by 

(2.2) e tD ° td *u =F- 1 (e it ^F(u )) . 

We will study the properties of e t£> ° ax in the case where < a < 1. 

2.2. Strichartz estimates. The following estimate is obtained as an application 
of Theorem 2.1 in [55], 

Proposition 2.1. Assume that < a < 1 . Let q and r satisfy | + £ = \ with 
2 < q, r < +oo. Then 

(2-3) \\e tDad *D^u \\ LtK < \\u \\ L2 , 

for all u E L 2 (R). 
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Remark 2.1. In particular, if we choose (q,r) = (4, oo), then we obtain from (|2.3j) 
a Strichartz estimate with a lost of (1 — ot)/A derivatives 

\\e tD " 9 *u \\ LtL ~ < \\D^u Q \\ L2 . 

Next, we derive a refined Strichartz estimate for solutions of the nonhomogeneous 
linear equation 

(2.4) d t u - D a d x u = F . 

This estimate generalizes the one derived by Kenig and Koenig in the Benjamin- 
Ono case a = 1 (c.f. Proposition 2.8 in [33). Note that the proof of Proposition 
2.8 in [35] is based on previous ideas of Koch and Tzvetkov [44] , 

Proposition 2.2. Assume that < a < 1, T > and 5 > 0. Let u be a smooth 
solution to (|2.4j) defined on the time interval [0,T]. Then, there exist < k±, K2 < 
i such that 

(2.5) \\d x u\\ L > LS , <T^||J 1+ 5 +i ^ + %|| L?fi , +T^||J 1 -^ + i ^ +e F|| i ^ , 
/or any 9 > 0. 

Remark 2.2. In our analysis, the optimal choice in estimate (|2.5|) corresponds to 
6 = 1 - f . Indeed, if we denote a = l + f + i^+0and6=l-M + i^«+0, we 
should adapt S to get a = 6 + 1 — |r , since we need to absorb 1 derivative appearing 
in the nonlinear part of (|1.7|) and we are able to recover |- derivatives by using 
the smoothing effect associated with solutions of (|2.4I) . The use of 6 = 1 — # in 
estimate (|2.5|) provides the optimal regularity s > s(a) = § — ^ in Theorem II .41 

Proof of Proposition \2. 6 A Following the arguments in [35] , and |44| , we use a non- 
homogeneous Littlewood-Paley decomposition, u = it at where un = P/vu, N is 
a dyadic number and Pjv is a Littlcwood-Paley projection around |£| ~ AT. Then, 
we get from the Sobolcv embedding and the Littlcwood-Paley theorem 

N 

whenever 6'r > 1. Therefore, it is enough to prove that 
(2.6) 

for any r > 2 and any dyadic number N > 1. 

In order to prove estimate (|2.6[) . we chop out the interval in small intervals of 
lenght T K N~ S where k is a small positive number to be fixed later. In other words, 
we have that [0,T] = [j I 3 where Ij = [a 3 ,b 3 ], \Ij \ ~ T K N~ S and #J - T 1 ~ K N S . 

2 11 

Let g be such that — I — = -. Then, since it at satisfies (9* it at — D a d x UN = Pjv, we 
q r 2 
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deduce that 

1/2 



\\dxU N \\ L 2 TL r = {JT\\d X U N \\ 2 L 2 L r 



3 

Therefore, it follows from estimate (|2.3[) that 



j 

^(T-JV-'j'-i^H^lli.^) 172 
j 

< {T K N- s )^(Y,\\e {t -^ Da ^d x u N {aM% l- 

3 

t 

+ Y,\\J e^- ai)Da ^F N [t')dt'\\ 2 Lqi L ,. N 



1/2 



3 

+ (J2t k n- 5 j WD^dM^dtf' 2 } 

3 I 

< {T K N- 5 )^-\{T x - K N 5 )^\\D 1+1 ^ru N \\ L?Ll 

T 

+ (T K N- S )^~^(T K N- S )i(^ f \\D 1+ ^rF N \\ 2 Ll dtj 



which implies estimate (I2.6P since - = . Thus given 6 > 0, choosing 0' and 

<7 4 2r 

r such that 0' — 5+ l~ a < 0, ki = | — |, k 2 = k(1 - i), with « = |, the lemma 
follows. □ 

2.3. Maximal function estimate. Arguing as in the proof of Theorem 2.7 in 
|39j . we get the following maximal function estimate in L 2 for the group e 10 " ' 6 * . 

Proposition 2.3. Assume that < a < 1. Let s > i. Then, we have that 

, +°° . i 

(2.7) He^UolUji- < ( £ sup sup \e tD ^u (x)\ 2 ) 2 <\\u Q \\ Hs , 

for any u 6 ff s (R) . 

The key point in the proof of Proposition 12 . 31 is the analogous of Proposition 2.6 
in [39] in the case < a < 1. 

Lemma 2.4. Assume that < a < 1. Let ipk be a C°° function supported in the 
set {(el : 2 k ~ 1 < |£| < 2 fe+1 }, w/iere fc e Z+. TTien, the function H% defined as 

l k if \x\ < 1 

(2.8) H%{x)={ 2i\x\~i ifl<\x\<c2 ak , 

(1 + .T 2 )- 1 if\x\>c2 ak 
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satisfies 

(2.9) f e*Wr«-^ty fc (0# <H%(x) 

Jr 

for \t\ < 2. Moreover, we have that 

+oo 

(2-10) £ i^(|Z|)<2 fe . 



Z=-c 



iVo£e £/ia£ £/ie implicit constants appearing in (|2.9j) and (|2.10j) do noi depend on t 
or k. 



Proof. The proof of estimate (|2.9|) follows exactly as the one of Proposition 2.6 in 
[39] . Next, we prove estimate ([2~T0]) . We get from (]2~8]) that 

+co [c2 ak ] 

H£Ql\) = H%(0) + J2 H k(\l\) + E H kW\) 

l = -cc 1/1 = 1 |i|>[c2° fc l + l 

2.11 

[c2° fc ] 

< 2 fc + 2 ^ 2*r* +2 ^ (1 + Pr 1 . 

;=i />[c2° fc i+i 



Now, observe that 

V l"5 < / \x\~?dx < 2^r, 

which implies estimate (|2. 10p recalling (|2.11[) and the fact that 2 ( + 2 ' < 2 fc since 
< a < 1. □ 



Proof of Proposition \2.3l The proof of Proposition 12.31 is exactly the same as the 
one of Theorem 2.7 in [35]. The difference in the regularity s > \ instead of s > in- 
comes from the fact that we use estimate (|2.10[) in the last inequality of the estimate 
at the top of page 333 in [39]. □ 

Corollary 2.5. Assume that < a < 1. Let s > h, ft > h and T > 0. Then, we 
have that 



(2.12) f V sup sup \e tDad *u (x)\ 2 Y 2 < (1 +T)^||uo|| ff . , 

j=-oo \t\<Tj<x<j+l ' 

for any u <G H 8 (R) . 

Proof. We can always assume that T > 1, since the proof of estimate (|2.12[) is a 
direct consequence of estimate (|2 . 7[) in the case where < T < 1. Arguing exactly 
as in the proof of Corollary 2.8 in [39], we obtain that 

+°° . i 

(2.13) (V sup sup \e tDad *u (x)\ 2 ) 2 <TT^\\u a \\ Hs , 

j=~oo \t\<Tj<x<j+l ' 

for any s > i. Now fix {3 > \. Then, we have that /3(1 + a) = sq > i. In the case 
where s < sq, estimate (|2.13[) implies directly estimate (|2.12p . On the other hand 
if so < s, we apply (|2.13p with sq, so that the left-hand side of (|2.12[) is bounded 
by T /3 ||ito||,£p < T" 1 1 Mollis, which also implies the result in this case. □ 
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2.4. Energy estimates. In this subsection, we prove the energy estimates satisfied 
by solutions of (|1.7[) . 



Proposition 2.6. Assume that < a < 1 and T > 0. Let u £ C([0,T] : H°°(R)) 
be a smooth solution to (11.71) . Then, 



(2.14) IK,*)IU= = NIU=, 

for all t G [0,T]. Moreover, if s > is given, we have 

(2-15) \\uh ¥ H S <\\u \\Hse lM ^r. 

The proof of estimate (|2.15j) relies on the Kato-Ponce commutator estimate [34] 
(see also Lemma 2.2 in [54]). 

Lemma 2.7. Let s > 0, p, p2, P3 G (l,oo) and pi, p± G (l,oo] be such that 
i = ^- + J- = J- + J- . Then, 

P Pi Pi P3 P4. ' 

(2.16) \\[J",f]g\\L> < H^/lliPiHJ-^lliw + ||J s /I|lp3|| 5 |U P 4. 

and 

(2.17) l|J s (/<?)IU* < \\f\\L n \\J S 9\\LV2 + WJ'fhvsWgh**. 

We also state the fractional Leibniz rule proved in [40] which is a refined version 
of estimate (|2.17[) in the case < s < 1 and will be needed in the next section. 

Lemma 2.8. Let a = o\ + 02 G (0,1) with Oi G (0,7) and p, p\, P2 G (l,oo) 
satisfy - = — + — . Then, 

jo p pi p 2 ) 

(2.18) \\D°(fg)-fD°g-gD°f\\ LP < \\D^f\\ LP1 \\D<*g\\ L , 2 . 
Moreover, the case 02 = 0, P2 = 00 is also allowed. 

Proof of Proposition \2.b\ We obtain identity (|2.14j) multiplying equation (|1.7[) by 
u, integrating in space and using that the operator D a d x is skew-adjoint. 

To prove estimate (|2.15p . wc apply the operator J s to (|1.7[) . multiply by J s u 
and integrate in space, which gives 



(2.19) 



-— / \J 8 u\ 2 dx = — [ J s u[J s ,u]d x udx — [ J s u{J s d x u)udx. 
2 dt 7r Jr Jr 



We use the commutator estimate (|2.16[) to treat the first term appearing on the 
right-hand side of (|2.19j) and integrate by part to handle the second one. It follows 
that 

(2.20) ~\\J'u{;t)\\h £ \\d x u(-,t)h~\\J s u(-,t)\\k- 

Therefore, we deduce estimate t|2 . 16[) applying Gronwall's inequality to (|2.20p . □ 

2.5. Local smoothing effect. By using Theorem 4.1 in [3S], we see that the 
solutions of the linear equation (|2.ip recover a/2 spatial derivatives locally in space. 

Proposition 2.9. Assume that < a < 1. Then, we have that 

(2.21) \\D%e tD " 9 *u \\ L ~ L2T < \\u \\ L z, 

for any u G L 2 (R). 

However in our analysis, we will need a nonlinear version of Proposition 
whose proof uses the original ideas of Kato [35] . 
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Proposition 2.10. Let \ denote a nondecreasing smooth function such that suppx' C 
(-1,2) and x\ l0A] = 1- For j £ Z, we de/me Xj(-) = xO ~ j)- Let u £ C([0,T] : 
iJ°°(R)) &e a smooth solution of (jl.7l) satisfying u(-,0) = uo wif/i < a < 1. 
Assume also that s > and / > |. Then, 

r T t - 

( / (|^ s+ t u (x,i)| 2 + |^ +f Hw(x,i)| 2 )x',(^)^ N ) 5 

(2.22) Wo 7r y 

< (i + r + ||a a «|| L i i »+T|H| i o ?H .) 4 ||u|| i? . H .. 

The proof of Proposition 12.101 is based on the following identity. 

Lemma 2.11. Assume < a < 1. Lei /i £ C°°(R) loitt /i' having compact support. 
Then, 

(2.23) / f(D a d x f)hdx=^-± f {\D^f\ 2 + \D%Hf\ 2 )tidx + f fR a (h)f, 

JR * JR JR 

where \\R a (h)f\\ L 2 < c a \\T(D a h')\\ L i\\f\\ L 2, for any f £ L 2 (R). 
Proof. Plancherel's identity implies that 

(2.24) 2 f f(D a d x f)hdx = - f f[D a d x ,h]fdx= ( f[UD a +\h]fdx, 

JR JR JR 

since D 1 = Hd x . 

On the other hand, we obtain gathering formulas (21), (22), (23) and Proposition 
1 in |21) with a = 2/i and n = \p] = that 

(2.25) [UD a+ \h]f = Pf - UPUf + R a (h)f 
where 

Pf = (a + l)Df(h'Dff) and \\R a (h)f\\ L 2 < c a \\ T(D a h')\\ L , \\f\\ L 2. 
Therefore, we deduce identity (f2723|) combining (j2~24|) and (|2~25j) . □ 

Proof of Proposition \2.1(A The proof of Proposition 12.101 follows the lines of the 
one of Lemma 5.1 in |39j . Apply D s to (|1.7I) . multiply by D s uxj and integrate in 
space to get 

(2.26) ~ [ \D s u\ 2 Xj dx- [ D s+a d x uD s u Xj dx+ [ D s {ud x u)D s u X] dx = 0. 
2 at Jr 

We use estimate (|2.16p and integration by parts to deal with the third term on the 
left-hand side of ([236)) 

(2.27) 

D s {ud x u)D s ux dx = — - I {d x uxj + ux'j)\D s u\ 2 dx + A [L> s , u]d x uD s uxjdx 

< (IIMU- + ll«IU-)||«||ir.. 
Therefore, we deduce gathering f|2 .23[) . (|2 . 26[) . (|2 .27[) and integrating in time that 

/ /in s +f„fT fM 2 j- m s +§ v„c-r v-M 2 ^ 







(|L> s +^ M (x,t)| 2 + |D s+ f Hu(M)| 2 )^(a;)cfa!^ 



< U + T+\\d x u\\ L i L ~+T\\u\\ L ~)\\u\\ 2 



which implies estimate (|2.22[) by using the Sobolev embedding. □ 
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The starting point for the proof of Theorem 11.41 is a well-posedness for smooth 
solutions obtained in |55j (note that we also need to use the Bona-Smith method 
[5] to obtain the continuity of the flow). 

Theorem 2.12. Let < a < 1 and s > |. For any uq G H S (R), there exists a 
positive time T = T(\\uq\\h b ) and a unique solution to (|1.7[) u G C([0,T] : H s ( 
satisfying u(-,0) = uq. Moreover, the map : uq G H s (M) <— > u G C([0,T] : H s 
is continuous. 

2.6. A priori estimates for smooth solutions. 

Proposition 2.13. Assume < a < 1 and s > | — For any M > 0, there exists 
a positive time T = T(M) such that for any initial data uq G H°°(JSL) satisfying 
\\uo\\h s < M, the solution u obtained in Theorem \2.12\ is defined on [0,T] and 
satisfies 

(2.28) A s T (u) < C s (f)\\u \\ H >, 

for all T G (0,f], where 
(2.29) 

A s T (u) :=max|||it|| L??i / J ,||(9 x u|| i | Lf .,(l + T)" p ( ^ IMIl=([jj+i)x[o,t])) " }j 

j=-oc 

p> \ and C S (T) is a positive constant depending only on s and T. 

Proof. Fix < a < 1, s(a) = § — < s < § and set 9 = s - s(a) > 0. Let 
u G H°°{M.) and u G C([0,T*) : H°°{R)) be the corresponding solution of (fl~7l) 
obtained from Thcorcm l2.12l and defined on its maximal interval of existence [0, T*). 

We want to obtain an a priori estimate on the quantity A^(it) defined in (|2.29[) . 
For < T < T* let us define 

Af,(u) = \\uWl~hs, j^(u) = \\d x u\\ L 2 TL «, 

and 



^( U ) = (l+T)^ ^ | 



li~(b,j+i)x[o,T]) y 

j=—oo 

First, we rewrite the energy estimate (|2.15|) using the above notations as 



(2.30) Af,(u) < KIU*e cT ^H 

To handle ^(u), we use estimate (|2.2|) with 6 = 1 — % and 9 > defined as 
above and deduce that 
(2-31) 

Yt(u) < T^\\u\\ L ~ Hl +T^\\J s ~ 1+ % (ud x u)\\ Llx 

<T Kl \\u\\ L¥H . +T^(\\u\\ L ^ L ,JdM\LlL T + \\D s - 1+ ^{ud x u)\\ Ll J, 

where K\ and K2 are two positive number (lesser than i) given by Proposition! 
The fractional Leibniz rule stated in Lemma \2. 81 gives that 

(2.32) 

\\D s -^(ud x u)\\ L ^ < \\uD s - 1+ id x u\\L^ + ||IIMU?P'~ 1+a/2 «lk|| 
<\\uD s -^d x u\\ Li +\\dM\L*L~\\u\\ L ~m, 
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Now, we deduce from estimate ()2.22|) that 

\\uD'- 1+ td x u\\ L , ta 



i 2 ([?,j+i)x[o,T]; 
j=— 00 
+00 

ll u lll~a7.i+i , ixfo.Tn ) 



J2 \\uD s - 1+ ?d x u\\ 

(2.33) 

< ( X] IMIi~([W+i)x[o/r])) 2 sup||L> s+ t-Hu|| L 2 (bj+1)x[0!T]) 



j = -oo 

< (1 + T) Vr(«)(l + r + ll^«IUi,£- + T\Hl~h°) h \\u\\l ¥ h>. 
Therefore, we conclude gathering (|2.3ip - (|2.33[) and using estimate (|2.30[) that 
(2.34) 

x {T K1 + T K2 7 f («) + T K2 /4(w)(l + T)"(l + T(l + Ay (it)) + T'7|.(u)) * }. 
Using that u solves the integral equation 

u(t) = e tD ° a ^ - /"* eW 3 " ' (ud x u) (t')dt' , 
Jo 

we deduce from estimate (|2.12p that 

(2.35) MtM < ll«o|| ffi+B - +T?\\J?+°(ud x u)\\ Llsc , 

for any > 0. Now, we choose < 6 < f , so that | + # < s — 1 + f. Thus, we 
have that 

It follows then from (|2.35p and arguing as in (|2.31|) - (|2.33[) that 

VT(u)<\\u \\Hse cTi ^ 

(2.36) t . 
x |l + T^ 7 J(u) + T*f4(u)(l + r)^(l + T(l + Af») + r'7|,(u)) 2 }. 

Now, observe that T K2 ^(u), Tirf(u), T K2 ^ s T (u), T^ s T (u) and TX s T (u) are 
nondecreasing functions of T which tend to when T tends to 0. We define T such 
that 

(2.37) nmx{f K2 7 fH,r^~("),r K >|H,r^|H,TA|( U )} = i. 

Moreover, we can always assume that T < T* by choosing (if necessary) a constant 
smaller than 1/2 on the right-hand side of (|2.37[) . Therefore, we deduce gathering 
(j2"30)) . (|2~M)) . (|2~35|l and (|237| that (|2~2l?)) holds with some positive constant C s (f) 
(which can be chosen greater than 1). 

Finally, we check that T > c(M) where M is positive constant such that 
1 1 uo 1 1 if < M. Indeed, since f|2.37[) holds true, we know that one of the terms 
appearing on the left-hand side of (|2.37p is equal to \. Without loss of generality, 

we can assume that T K2 y~(u) = \. This combined with (|2.28j) implies that 

l - < f^C s (f)\\u \\ H s < f K2 C s (f)M, 
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which concludes the proof of Proposition 12.131 □ 

Remark 2.3. In the L 2 subcritical case a > |, one can take advantage of the scaling 
invariance of equation (| 1 . T[) to assume that the initial data is small in H 3 (R) . The 
arguments of Theorem 1.1 in |35j could be used to give an easier proof of Proposition 
12.131 in this case. 

2.7. Uniqueness and i 2 -Lipschitz bound of the flow. Let u\ and u 2 be two 

solutions of (|1.7p in the class (|1.13[) for some positive T, with respective initial data 



iti(-, 0) = ip i and u 2 (-, 0) = ip 2 . We define the positive number K by 

(2.38) K = maxlH^uill^igo, \\d x u 2 \\ L i, L ^}. 
We set v — u\ — u 2 . Then v satisfies 

(2.39) d t v - D a d x v + vd x m + u 2 d x v = 0, 



with initial data v(-, 0) = ipi — tp 2 . We multiply (|2.39p by v, integrate in space and 
integrate by parts to deduce that 

|lHli 2 <(ll^i||L ? + ||a xU2 |U~)|| w (.,t)||i 2 , 

for all t £ [0, T]. It follows then from Gronwall's inequality that 

(2.40) M;t)\\& = \\M;t) - «a(-,*)IU» < e cK ||(^i - <pi\\v>, 
for all t e [0,T]. 

Estimate (|2.40[) provides the L 2 -Lipschitz bound of the flow as well as the unique- 
ness result of Theorem II .41 by taking tpi = cp 2 . 

2.8. Existence. Assume that < a < 1 and s > | — Fix an initial datum 
u e H S {R). 

We will use the Bona-Smith argument [5]. Let p € S(M.) with p > 0, J pdx = 1, 
and / x k p(x)dx = 0, k e Z+, < fc < [s] + 1. For any e > 0, define p c (a;) = 
e~ 1 p(e~ 1 x). The following lemma, whose proof can be found in [5] (see also Propo- 
sition 2.1 in [33]), gathers the properties of the smoothing operators which will be 
used in this subsection. 

Lemma 2.14. Let s > 0, <f> € H S (R) and for any e > 0, (j> £ = p e * <fi. Then, 

(2.41) Ue\\ H s+» <e- v U\\ H ', V^>0, 
and 

(2.42) H-Mh-» = °(^)> V/3e [0,s]. 

Now we regularize the initial datum by letting uq^ = Pe*u-o- Since uo, e € H°°(M), 
we deduce from Theorem 12 . 121 that for any e > 0, there exist a positive time T e and 
a unique solution 

it, e C([0,T e ];H°° (R)) satisfying u e (-,0) = u ,e- 

We observe that Hwo.elli/ 3 < ||wo||ff s - Thus, it follows from the proof of Proposition 
12.131 that there exists a positive time T = T(\\uo\\h>) such that the sequence of 
solutions {u e } can be extended on the time interval [0,T] and satisfies 

(2-43) \KWl~h- <A s tM<\\u \\h* 
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for all e > 0. Moreover, arguing as in the proof of Proposition 12.131 and using 
estimate (|2.41j) . we get that 

(2.44) WD^dlu^^ < |Ke|| ff - < e- s |K||H*, 

(2-45) \\9 2 x u £ \\ L 2 tL ~ < \\u Jh» + i < *- 1 \\Mh* 

and 

(2.46) \\D'- l+ Sd x u e \\v TLS , < \\uo, c \\ B ,.-i +9 < e-^- 1+ ^\\u \\ H , 
for all e > 0. 

Now we will prove that {u e } is a Cauchy sequence in C([0, T] : H S (M.)). We set 
v = u e — u e i , for < e < e'. Then v satisfies 

(2.47) d t v - D a d x v + vd x u e + u t ,d x v = 0, 

with v(-,0) = uq :C - it , £ '. We deduce gathering (|2~40|) . ([2^42]) and (|2~43| that 

(2.48) \\v\\l ¥ li =o(e s ) and \\v\\ L - HS = o^ - "), 

for all < a < s. It remains to prove the convergence in C([0,T] : H S (M)). Note 
however that the proof in |54j does not seem to apply here since the regularity is 
lower than 3/2. 

Proposition 2.15. Assume < a < 1 and | — ^ < s < |. Let v be the solution 
of (12.47[) . Then, there exists a time T\ = Ti(||uo||h s ) with Q <T\ <T such that 

(2-49) \HL~Hi <T s Tl (v) --^0, 

where 

T?p{v) = max {Ay (v), 7r(v)} 

Af,(v) = |M|Lj?ff=, «id 7t( u ) = H^lkf,!^ • 

Proof. First, we deal with X^(v). We apply J 3 to equation (|2.47|) with ui = u £ and 
U2 = u t > , multiply the result by J s v and integrate in space to deduce that 

1 d 



(2.50) if t ^H° + J J s {vd x u t )J s vdx + J J s (u e ,d x v)J s vdx = 0. 

We treat the third term on the left-hand side of (|2.50[) by using estimate (|2.16p and 
integrating by parts. It follows that 

/ J s (u e 'd x v)J s vdx = I [J s ,u e ']d x vJ s vdx — i f d x u e >J s vJ s vdx 

(2.51) Jr Jr 2 J M 

< \\d x v\\ L o a \\J s u < ,,\\ L2 \\v\\ H s + \\d x u e >\\ L <»\\v\\x,. 
For the second term, we have applied Holder's inequality that 

/ J s (vd x u t )J s vdx 
Jr 

(2 - 52) < (\\vd x u e \\ L * + \\D s (vd x u e )\\ L 2)\\v\\ H , 

< (||«||i»||5 x « e || L c. + \\D'-\d x vd x u e )\\ L , + HD-^tOiuOlMk- 
Now we deduce using estimate (|2.18[) with a = s — 1 £ (0, 1) that 
(2.53) \\D s - l {d x vd x u,)\\ L 2 < \\d x v\\ L -\\D s - l d x Uz\\ L z + \\D s - l d x v\\ L 2\\d x u t \\ L ~ 
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and 

HD-^tOlU* < ||«Z>— ^well^ + \\D s - l v\\ L 4dlu e \\ L , 

(2.54) 

'l£° 



< M^WD^dlu^ + \\D'- i v\\ L 4%u e \\ i 



Hence, we conclude gathering (|2.50[) - (|2.54l) that 

^II w I|h s ~ (||9i«e||l« + \\d x U el \\ L ^)\\v\\H° + (||«e||.ff« + ||tte'||ff , )ll^ !Et; ll Lao 

+ UD-^UellioolMU' + Wd^W^WD^vW^. 
Thus, Gronwall's inequality yields 

^t( w ) ^ (ll u o,e ^ uo, t <\\H° + / f(t)dt)e L t l * l t l * ; 

Jo 

where 

Therefore, we get from Holder's inequality and ()2.43j) that 

(2.55) X s T (v) < (T^\\u \\ H s^(v) + 5 e,e')e c " IU % 
where 

ge,e> = 11-^0,^—^0,^11^-^^* ^^^-ll^^ig- N^IU^^s-^^* ll^^-lli^^g- ll^ s_:L ^lU5?^s 

satisfies 

(2.56) ff e ,e- — > 0, 

e,e'->0 

in view of (f2T43]) - (f2T45|) and (pT48|) . 

To handle 7r(u), we use estimate (|2.2j) as in Proposition 12.131 and deduce that 
(2.57) 

. . ■ 



Jt(v) <T Kl \\v\\ L ~m +T^\\J s - 1+ %(vd x u e )\\ Ll + T K *\\J s - 1+ % (u e ,d x v) 



where n\ and K2 are two positive number (lesser than |) given by Proposition 
We deduce from estimate (|2.18[) that 

(2.58) 

|| J s - 1+ f (vd xUe )\\ Llx < \\d x u e \\ LlLS ,\\v\\ L ~ H s + \\D"- 1+ Sd x u e \\ I ? TLS ,\\v\\ L - Ij > 
By using estimate (|2 . 18[) again, we get that 

(2.59) || J s - 1+ f {u e ,d x v)\\ L ^ < \\d x v\\ LlL ^\\u £ ,\\ L¥H s + \\u e ,D s - 1+ ^d x v\\ L 2 Tx . 
Next, we estimate the second term on the right-hand side of (|2.59j) as follows 
\\u e ,D s -^d x v\\ L , Tx 

+ OO l 

"'l£ 2 (fo-+l)x[0,T]) 



= ( \W-D s - 1+ %d x vf 



J — — 00 

(2-60) f +oc 

< 



( II^'IIl-([jj+i)x[o,t])) 2 sup\\D s+ iHv\\ L 2 {y . J+1)xM) 



3 = -°° 



< (1 + r)^||uo||jr. sup ||D s +f ^|| i2(b . j+1)x[ o,T]), 
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where we used (|2.43|) for the last inequality. Moreover, we argue exactly as in 
the proof of Proposition 12.101 using that v satisfies equation (|2.47[) and using the 
estimates (|2.5ip - (|2.54|) to deduce that 

(2.61) 

sup||Z) s+f Hv|| L 2 ([j , i+1)x[0 . T]) 

< (i + T+\\d x u 6 \\ Li . LS , + ||^ e HlL^-) i II^IU~ff S +^|KHU^ s ll^|| L 2 iS0 

+ T^\\D s - 1 d*u £ \\ L * L ~\\v\\ L¥L z +||^« 6 |U 3 , i «||D- 1 t;|U ? .L S ). 
Hence, we deduce from (|2.5T[) (|2.61[) that 
(2.62) 

7f» < T Kl \?p(v) + T K2 (1 + Ty\\u \\ H s (1 + T + T? \\u \\h-)H^t( v ) + 7t(«)) 
where 

9e,e' = ||-D S ~ 1+f d x U e \\ L 2 L ~ \\v\\ L¥ li 

+ (i + Tf|| Uo || i?s (|p s - 1 ^ e || L , ig o|| u |U^ s + \\%u e \\ L ^\\ir- 1 v\\ L¥Ll ), 

so that 

(2.63) 0, 

due to (|2^5 p -(|2^5 )l and ([2"^5]l . 

Therefore, we conclude the proof of Proposition 12.151 gathering (|2.55|) . (|2.56|) , 
dZH and (12131). □ 

With Proposition ^. 15l at hand, we deduce that {u e } satisfies the Cauchy criterion 
in (C([0,Ti] : H S (R)) 7 \\ ■ \\l^hz) as e tends to zero. Therefore, there exists a 
function it G C([0,Ti] : # S (R)) such that 

(2.64) \\ Ue - u \\ L ^ Hi _> . 

Moreover, we deduce easily from (|2.64p . that u is a solution of (|1.7[) in the distri- 
butional sense and belongs to the class (| 1 . 1 3|) (with T\ instead of T) . 

2.9. Continuity of the flow map. Once again, we assume that < a < 1 and 
| — £s < s < 3/2. Fix w G # S (R). By the existence and uniqueness part, 
we know that there exists a positive time T = T(||ito||ff=) and a unique solution 
ue C([0, T] : H S (M.)) to (|1.7|) . Since T is a nonincreasing function of its argument, 
for any < T 1 < T, there exists a small ball B^(uq) of H s centered in u$ and of 
radius 8 > 0, i.e. 

flj(uo) = {v G £P(M) : ||vd - uoHh. < 5}, 

such that for each vq G B^uq), the solution u to (|1.7p emanating from t>o is defined 
at least on the time interval [0, T']. 

Let 9 > be given. It suffices to prove that there exists 8 = 8(d) with < 8 < 8 
such that for any initial data vo G H S (M) with ||uq — Vo||ff s < 8, the solution 
v G C([0,T'];H s (M.)) emanating from w satisfies 

(2.65) \\u-v\\ L ~ H s<6. 
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For any e > 0, we normalize the initial data uq and vo by denning uo, e = p e * uq 
and t>o,e = Pe * vo as in the previous subsection and consider the associated smooth 
solutions u e , v t £ C([Q,T'];H°°(M.)). Then it follows from the triangle inequality 
that 

(2.66) \\u-v\\l™,H£ < \\u - u £ \\ l ™ h , + \\u e - v c \\ L ~ Hi + \\v - v £ \\ l ~ H s . 
On the one hand, according to (|2.64[) . we can choose eo small enough so that 
(2-67) \\u-u eo \\ L ~ H * + \\v-v eo \\ L ~ Hi <26/3. 

On the other hand, we get from (|2.41j) that 

||WO,£0 _ w 0,e ||j? 2 ^ % W^O - V \\ H > < e^ 2 ~ 8 ' 5. 

Therefore, by using the continuity of the flow map for initial data in H 2 (M.) (c.f. 
Theorem I2.12[) . we can choose 6 > small enough such that 

(2-68) |K-«eolk-,Hi<0/3. 

Estimate $ZM§ is concluded gathering ([2l)6) - ([2ljg|) . 
This concludes the proof of Theorem 11.41 

3. An ill-posedness result 

As in [3], one can use the solitary wave solutions to disprove the uniform con- 
tinuity of the flow map for the Cauchy problem under suitable conditions. More 
precisely, we consider again the initial value problem (I VP) 



(3.1) 



d t u — D a d x u + u d x u = 0, x, t £ 
u(x, 0) = uq(x). 



Proposition 3.1. If 1/3 < a < 1/2, then the IVP flU} is ill-posed in H Sa (R) 
with s a = g — a, in the sense that the time of existence T and the continuous 
dependence cannot be expressed in terms of the size of the data in the H Sa -norm. 
More precisely, there exists cq > such that for any 8, t > small there exist data 
mi, ii2 £ <S(R) such that 

|Ml||s,2 + H^2 ||s.2 < C , j|lll - U2||s,2 < S, \\lli(t) - U2(t)\\ a ,2 > C , 

where Uj(-) denotes the solution of the IVP (|3 . 1 1) with data Uj, j = 1,2. 

Remark 3.1. For a <E [|, 5], Proposition ^ . 1 I reinforces the result in [52] which states 
that the flow map is not C 2 . 

Proof. Let Qi be the solution of the equation 

(3.2) D a Q + cQ-^Q 2 = 0, a > 1/3, 

with speed of propagation c = 1 (see next Section for a justification of existence of 
such a solution). 

Set f a ,c(x) — c a Qi(cx) and consider 

(3.3) u a>c (x,t) = ip a , c (x - c a t) ^c a Q l {cx^c 1+a t) 



solution of the initial value problem (|3. 1[) with initial data 

u(x, 0) = u atC (x, 0) = c a Q\(cx). 
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We choose two solutions u a , Cl , u a . Cl with ci 7^ c 2 . Let s a = \ — & be the critical 
Sobolev index. 

At time t = we have that 

||u a , Cl (-,0) - u a . C2 (-,0)\\' 2 H - Sa = \\D Sa (Lp a , Cl - <fi a ,c 2 )(-)\\ 2 L 2 

(3-4) = \\D s -^ Cl (-)\\h + \\D s -^c 2 (-)\\h 

- 2(<p a . Cl (-),p atC2 (-)) H - Sa . 

Observe that for t > 0, \\D s «<p a . Cj (-, i)|| 2 2 = HL^-Q^^ for j = 1,2. In fact, 



(3.5) 



L 2 — II-" "^IIZ, 2 

= y |e| 2sQ cf- 2 |e- 2 ^'«Q l( ^.)| 2 ^ 
^•o+^llD-Qilll^llD'-QiHi,. 



On the other hand, 



(^dt^Vc^i-))^ =y J D s °<^ Q , Cl (a;)£ ,s °^a, C2 (a;)rfa; 



(3.6) =(ci C2 ) (a - 1) / \e s "Qi^/ci)Qi^/c 2 )d^ 



3 / M 2s =QiM<2i(-?7)^. 



C2 

Now set = — such that 6> — > 1 then 

C2 

(3.7) (Va.cxO.Va^O))^- ^ II^Qlll! 2 as 

Therefore, 

(3.8) ll«a,c 1 (-,0)-u a , Ca (-,0)||^ ia ->0 as -> 1. 
Now let t > 0, as before we only need to check the interaction 

(3-9) 



(u a , Cl (-,t),u a>C2 (-,t)) H - Sa = / D Sa ip a , Cl (x - at) D s <*tp a:C2 (x - c 2 t) dx 



(cic 2 )^ J e- 2 ^ c ?-^\e Sa Qi^/ci)Qi(^/c 2 )d^ 

(-) l a I e- 27lUcMc? - c ^\v\ 2s "Qi(v)Qi(-v)dv- 
\ c 2 / J c 2 



Making c? = N + 1 and c£ = N, N £ N, and letting AT -> 00, the Riemann- 
Lebesgue lemma implies that 



(3.10) y e - 2 ^ N+ ^ ,a H^QM ri) dr, h- 0. 

The result follows. 
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□ 



4. Varia and open problems 

4.1. Solitary waves. This Subsection is essentially a survey of known results. 

A (localized) solitary wave solution of (|1.7|) of the form u(x, t) = Q c {x — ct) must 
satisfy the equation 

(4.1) D a Q c + cQ c -^Ql=0, 

where c > 0. 

One does not expect solitary waves to exist when a < i since then the Hamil- 
tonian does not make sense ( see a formal argument in [?5]). We present here a 
rigorous proof. 

Theorem 4.1. Assume that < a < g. Then (|4.1[) does not possesses any 
nontrivial solution Q c in the class H%(M) PI L 3 (R)0. 

Proof. Fix < a < 1 and c > 0. Let Q c be a nontrivial solution of (|4.1j) in the 
class (R) n L 3 (R). 

On the one hand, we multiply (|4.ip by Q c and integrate over R to deduce that 




On the other hand, we multiply (|4.1[) by xQ' c , integrate over R and integrate by 
parts to deduce that 




Moreover, we will need the following identity, stated in the proof of Lemma 3 in 

03, 

(4.4) f (D a cf))x(f)'dx [ \D^(j)\ 2 dx, 

for all ^ e 5(1). Hence, it follows gathering ([4~3]) and (|4~4|) that 

(4.5) (a - 1) / |U*Q c | 2 da: -cf Q\ = -\f Q 3 c dx. 



'This implies that the Hamiltonian is well defined. 
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Now, we briefly recall the proof of (|4.4|> for the sake of completeness. We have 
by using Plancherel's identity, basic properties of the Fourier transform and inte- 
grations by parts that 



(D a (j))x(j)'dx 



\D%(j)\ 2 dx 
{a -I) [ |£>*< 



dx 



l dx 



{x(j))D a cj)dx 



(D a (j))x(j)'dx, 



which yields identity (|4.4|1 . 

Finally, we conclude the proof of Theorem 14.11 In the case a = |, we deduce 
from (|4.2p and (|4.5[) that J R Q 2 dx = which is absurd. In the case < a < J, we 
obtain combining (14.2[) and (|4.5|) that 



2 7b 3a - 1 



Q^dx < 0, 



which is also a contradiction. 



□ 



Remark 4.1. Zaitsev [55] has proved the existence of localized solitary waves of 
velocity < c < e~ 2 /3 of (|l.lj) in the case where p(£) = j^gs- 

The existence of finite energy solitary waves when a > ^ has been addressed in 
[16] , [15] for the more general class of nonlocal equations in R™ 



(4.6) 



(-A)t u + u-uP +1 =0. 



In what follows we will consider only the one-dimensional case, n = 1. 
The solitary waves are obtained following Weinstein classical approach by looking 
for the best constant C Pj0 ,in the Gagliardo-Nirenberg inequality 



(4.7) / \u\p+ 2 < C v . a \ \D a l 2 u\ 2 
This amounts to minimize the functional 



a > 



p + 2 



(4.8) 



J p ' a (u) 



US 



(/r 



|2\&(«- 1 )+ 1 



|P+2 



In our setting, that is with p = 1 and one obtains (see |16j and the references 
therein): 



Theorem 4.2. Let \ < a < I. Then 
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(i) Existence: There exists a solution Q <G H%(M) of equation (]4.1[) such that 
Q = Q(\x\) > is even, positive and strictly decreasing in \x\. Moreover, the 
function Q G H%(M.) is a minimizer for J p ' a . 

(ii) Symmetry and Monotonicity: If Q G H% (R) is a nontrivial solution of (|4.1[) 
with Q > 0, then there exists Xq G R such that Q(- — 0) is an even, positive and 
strictly decreasing in \x — xq\. 

(Hi) Regularity and Decay: If Q G H%(R) solves (JUT), then Q G H a+1 (R). 
Moreover, we have the decay estimate \Q(x) \ + \xQ'(x)\ < , for all x G R 

and some constant C > 0. 

Remark 4.2. Contrary to the case of the KdV equation the solitary wave cannot 
decay fast (for instance exponentially) because the symbol of the dispersive 

term is not smooth at the origin when a is not an even integer. 

Uniqueness issues have been addressed in [16] . [T5] for the class of nonlocal 
equations (|4.6[) . They concern ground states solutions according to the following 
definition (see [TB]) 

Definition 4.3. Let Q G H%(M.) be an even and positive solution of (|4.6p . If 

J(P.«)(Q) = inf{ J(" : fff(R)\{0}}, 

then we say that Q is a ground state solution. 

The main result in |16j implies in our case {p = 1) that the ground state is unique 
when a > ^ . 

Note that the method of proof of Theorem 14.21 does not yields any (orbital) 
stability result. One has to use instead a variant of the Cazenave-Lions method, 
that is obtain the solitary waves by minimizing the Hamiltonian with fixed L 2 norm. 
This has been done in pQ in the case a = I 

If 1 > a > h, one has then to obtain solutions of (|4.ip by solving the minimiza- 
tion problem 

(4.9) mm{H(u) : \\u\\ L 2 = 1}. 

Results in that direction are obtained in where a conditional orbital stability 
result is given. 

On the other hand, it has been established in [55] that the ground state is 
spectrally stable when a > ^. 

No asymptotic results seem to be known (see |36| for the case of the Bcnjamin- 
Ono equation, a = 1). 

Remark 4.3. The existence and stability properties of periodic solitary waves of 
(fTT7|) when a > \ is studied in [25] . 

4.2. Long time existence issues. An important issue for the rigorous justifica- 
tion of nonlinear dispersive equations as asymptotic models of more complicated 
systems such as the water waves system, nonlinear Maxwell equations (see for in- 
stance [46] in the context of water waves) is the influence of dispersion on the 
lifespan of solutions to dispersive perturbations of hyperbolic quasilinear equations 
or systems which typically arise in water waves theory. Typically, those systems 
write 
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(4.10) d t U + e A(U,VU) + e£U = 0, 

where £ is a linear (not necessarily skew-adjoint) dispersive operator and e > 
is a small parameter which measures the (comparable) nonlinear and dispersive 
effects. Both the linear part and the dispersive part may involves nonlocal terms 
(see eg [64], [57]). 

Boussinesq systems for surface water waves are a classical example of such sys- 
tems. 

When £ = one has a quasilinear hyperbolic system and if it is symmetriz- 
able one obtains a lifespan of order 1/e for the solutions of the associated Cauchy 
problem. 

On the other hand, even when the nonlinear part is symmetrizable and £ skew- 
adjoint, the existence on time scales of order 1/e (and actually even the local- wcll- 
posedness) is not obvious since the action of the symmctrizer on the dispersive part 
leads to derivative losses and the energy method does not work in a straightforward 
way. 

A basic question (in particular to justify the validity of (|4.10|) as an asymptotic 
model) is thus to prove that the life span of the solution of (|4. 10[) is at least 1/e 
and to investigate whether or not this life span is increased by the presence of the 
dispersive term eC 

For scalar (physically relevant) equations the first question is trivial since they 
appear most often as skew-adjoint perturbations of conservation laws of the form 

(4.11) u t + ef(u) x - eLu x = 0, 

for which existence on time scales of order 1/e is trivial. 

The second question is not so elementary. A toy model will be again the disper- 
sive Burgers equation written now on the form 

(4.12) d t u + eD a d x u = eud x u, u(-,0)=u . 
Setting v = eu, this is equivalent to solving 

(4.13) d t v + eD a d x v = vd x v, v(-,0) = eu o . 

Our main concern here is to prove the existence of strong solutions to (|4.12|) 
defined on time intervals of length greater than 1/e, for small e > and < a < 1. 
Observe that we have hyperbolic blow-up on time T ~ 1/e in the case a = 0, which 
is nothing else than the Burgers equation. 

This question is not a simple one, as shows the related example of the Burgers- 
Hilbert equation 

(4.14) ut + euu x + %u = 0, u(-,0)=uo, 

where "H is the Hilbert transform. 

In fact, Hunter and Ifrim [25] (see a different proof in [26]) have shown the rather 
unexpected result : 



^Note however that the Boussinesq systems d 4. 15 ft cannot be reduced exactly to the form J4.10I 
except when b = c = 0. Otherwise the presence of a "BBM like " term induces a smoothing effect 
on one or both nonlinear terms. 
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Theorem 4.4. Suppose that uq £ i7 2 (R). There are constants k > and eo > 
0, depending only on \uo\h 2 > such that for every e with |e| < eo, there exists a 
solution u G C(7 e ; H 2 (R)) n C 1 ^; H 1 ^)) of (|4.14p defined on the time-interval 
I e =[-k/e 2 ,k/e 2 ] . 



The long time existence issue is specially important to justify rigorously (as 
asymptotic models) physically relevant systems such as the Boussinesq systems 
(4.15) 

d t r) + divv + e div (tjv) + e(a divAv - 6A%) = , , 2 
9tV + V?? + 4V(|v| 2 ) + e( C VA^dAv t )-0 ' ' 

where a,b,c,d are modelling constants satisfying the constraint a + fe + c + rf = | 
and ad hoc conditions implying that the wcll-poscdncss of linearized system at the 
trivial solution (0,0). 

It has been proven in [SB] (see also [SO] and [Ml [ST] for another water wave 
system) that f|4. 1 5[) is well-posed on time scales of order 1/e (with uniform bounds). 
The method is "hyperbolic" in spirit and does not work for the more dispersive 
Boussinesq system, of "KdV-KdV" type 

(4.16) ( ^lS V l + ivn ( 2TL + if"; ° - te.aa) e R 2 , f e R. 

For (|4.16[) it was proven in [47] by using dispersive estimates that the existence 
time is 0(1/ y/e). 

Remark 4.4. The discrepancy between the results above can be explained as follows. 
The proofs using dispersion (that is high frequencies) do not take into account the 
algebra (structure) of the nonlinear terms. They allow initial data in relatively 
large Sobolev spaces but seem to give only existence times of order 0(l/y/e). The 
existence proofs on existence times of order 1/e are of "hyperbolic" nature. They do 
not take into account the dispersive effects (treated as perturbations). Is it possible 
to go till 0(l/e 2 ), or to get global existence? This is plausible in one dimension 
(the Boussinesq systems should evolves into an uncoupled system of KdV equations 
see [58]) but not so clear in two dimensions. One should therefore use dispersion, 
as in the normal form approach (in a different context), see |18 [ IT9 l [20 ] IT?] . This 
will be carried out in a subsequent paper. 



4.3. Blow-up issues. We have already mention briefly the possibility of blow-up in 
finite time for equations like (|1.7[) in the case of very weak dispersion (—1 < a < 0). 

Actually three different types of blow-up, arising from different phenomena, could 
occur for (11.71) . 

(i) "Hyperbolic" blow-up, that is blow-up of the gradient, the solution remaining 
bounded. This is a typical property of scalar conservation laws and it is not likely 
to occur when a > according to [5SJ . 

As already mentioned, a blow-up of this type has been proven for Whitham 
type equations with a very weak dispersion. This question though is open when 
< a < 1 , one does not even know in this case if a control on the norm of the 
solution prevents blow-up (this property is of course false for hyperbolic quasilincar 
equations). 
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However numerical simulations [42] suggest that this type of blow-up does not 
occur when < a < 1. 

It is interesting to investigate similar issues for weak dispersive perturbations 
of systems, for instance for the "weakly dispersive" Boussinesq systems. A good 
candidate is the system studied by Amick [2] corresponding toa = c = b = and 
d = | in (|4.15j) and which was studied in the ID case by Amick [2] and Schonbeck 
|59j as a perturbation of the Saint- Venant system. 

Actually they proved global well-posedness when the initial data are small, com- 
pacted supported, perturbations of constant states. Such initial data leads to gra- 
dient blow-up for the underlying Saint- Venant system. 

An interesting question is to prove results similar to those of Amick and Schon- 
beck in the 2D case. 

(ii) "Dispersive" blow-up (DBU), or focalization due to the focusing of short or 
long waves. This phenomenon is typically a linear one (see 0[7j). Roughly speaking 
it implies that there exist solutions with smooth, bounded and square integrable 
initial data that becomes infinite at prescribed points in space-time. One also have 
solutions starting from decaying, smooth and bounded initial data that can become 
arbitrary large at prescribed points (see [7]). 

It is shown in [7] that DBU occurs for the linear fractional Schrodinger equations 

(4.17) m t + (-A) f u = inR rl xR. 

By similar methods (using for instance the asymptotics in |61j . one can prove 
similar results for the linear equation 

(4.18) d t u- D a d x u = 0, a>0. 

For (|4.18p (as for (|4.17|) when a > 1), the DBU is due to the focusing of short 
waves. 

Extending this to the nonlinear equation (|1.7[) is an open problem. 

(hi) "Nonlinear-Dispersive" blow-up. This blow-up phenomenum, due to the 
competition between nonlinearity and dispersion is expected to occur for critical or 
super- critical equations such as the generalized Korteweg-de Vries equation (GKdV) 



(4.19) d t u + u p d x u + d x u = 0, 

when p > 4. The only known result for GKdV is that of the critical case p = 4 
|49pl The supercritical case p > 4 is still open but the numerical simulations in [5] 
suggest that blow-up occurs in this case too. Recently, Kenig, Martel and Robbiano 
proved in |37| that the same type of blow-up occurs for the critical equation 

(4.20) d t u- D a d x u+ \u\ 2a d x u = 

when a is closed to 2, i.e. near the GKdV equation with critical nonlinearity. 
Recall that for the dispersive Burgers equation ()1.7[) . the critical case corresponds 
to a = | (or a = | for equation (|4.20j) ). 

As this stage one could conjecture that the Cauchy problem for the dispersive 
Burgers equation (|1.7j) is globally well-posed (in a suitable functional setting) when 



Note that DBU occurs for all values of p [6]. 
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a > i, that a blow-up similar to the critical GKdV case, occurs when a = i 
and that a "supercritical" blow-up occurs when < a < ^. This is supported by 
numerical simulations |42j but should be difficult to prove. 

4.4. Fractionary BBM equations. We comment here briefly on the BBM ver- 
sion of the dispersive Burgers equation, namely 

(4.21) d t u + d x u + ud x u + D a d t u = 0, 

where the operator D a is defined in (II. Gp . 

The case a = 2 corresponds to the classical BBM equation, a = 1 to the BBM 
version of the Benjamin-Ono equation. 

For any a the energy 

E{t) = I {u 2 + \D%u\ 2 )dx 
Jr 

is formally conserved. By a standard compactness method this implies that the 
Cauchy problem for (|4.21[) admits a global weak solution in L°°(R; H% (R)) for any 
initial data uq — u(-,0) in H^(M). 

One can also use the equivalent form 

(4.22) dtU + d^I + D**)- 1 ( u +y) =0 ' 
which gives the Hamiltonian formulation 

u t + J a V u H(u) = 

where the skew-adjoint operator J a is given by J a — d x (I + D") -1 and H(u) = 
\ Is.( u2 + l^ 3 )- N°te that the Hamiltonian makes for u <G i?^(R) if and only if 
a>\. 

The form (|4.22[) shows clearly that the fractionary BBM equation is for < a < 1 
a kind of " dispersive regularization" of the Burgers equation. 

We will focus on the case < a < 1. Actually when a > 1, (|4.22[) is an ODE 
in the Sobolev space iJ s (R), s > |, and one obtains by standard arguments (see 
[48l [3]) the local well-posedness of the Cauchy problem in H s (R),s > \. When 
a = 1 (the Benjamin-Ono BBM equation), the conservation of energy and an ODE 
argument as in [5S] or the Brezis-Gallouet inequality (see [T]) implies that this local 
solution is in fact global. 

Things are a bit less simple when < a < 1 since (|4.22[) is no more an ODE, in 
any Sobolev space. By a standard energy method one obtains local well-posedness 
in £P(R),s > §. 

One can in fact easily improve this result. 

Theorem 4.5. Let < a < 1. Then the Cauchy problem for (|4.21j) or (|4.22|) is 
locally well-posed for initial data in i? r (R), r > r a = | — a. 

Remark 4.5. It would be interesting to lower the value of r a , in particular down to 
the energy level r = ^ , or to prove an ill-posedness result for r < r a . 
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Proof. We first derive the suitable energy estimate, that is 

d 



(4.23) 



dt 



\\J r u(;t)\\h<C\\J r u(;t)\\ 



L- ■ 



All the following computations can be justified by smoothing the initial data. 
We set r = s + ^. One readily obtains 



\J s+ ^u\ 2 )dx 



J s (uu x )J s udx. 



By the fractional Leibniz rule in [50] (see Lemma |2~8"|) one gets 

(4.24) J s (uu x ) = u.J s u x + u x J s u + R, 
where R is estimated as 

(4.25) \\R\\ L 2 < C\\J s ^u\\ LP \\J € u x \\ Lq , 

for any < e < s and - + - = \. Integrating by parts, one has thus 



(4.26) 



j J s (uu x )J s udx — - [ u x (J s u) 2 dx+ J RJ s udx 



Estimating the first integral on the RHS reduces to proving 



u x {J s uY\dx < C\\u\\ d HB+§ 



(4.27) 

To do so we use the Sobolcv imbedding 
£P+f-l(R) ^ L P (R), 
and 

H% (R) <-*■ L g (R), q<q a 

Thus, provided 



P < Pa,s 



3 — 2s — ot 
2 



1 -a 



1 

Pa,. 



< 1, 



that is s > I — one obtains by Holder inequality 



\u x (J s u) 2 \dx < C\\u x \\ H . +9 - 1{R) \\ J s u\\ 2 H%m < C\\uf HS+ . . 

One now estimate the last integral on the right-hand side of (I4.26|) . We will 
prove actually that 



(4.28) 



RJ s udx 



Noticing that J s u g H = (R), we use the Sobolev imbedding H 2 
obtain by Holder's inequality 



to 



RJ s udx 



<C\\R\\ LTh \\u\\ Hr . 



By the fractional Leibniz rule, on has for any < e < s, 

\\R\\ LTh <C\\J s - f -u\\ LT ^\\J e u x \\ LTh 
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Observe that 

/p+f-i-e^-) ^ L i$s(M.) and H e+ %(R) ^ L^(M), 

provided 

1 + a 1 a . 1 + a 1 a 

— : — > 77 - (s + 77 - 1 - e) and — - — > - - e - -. 
4 ~ 2 v 2 ; 4 ~ 2 2 

Choosing such an e is possible provided 

1 - 3a < 4s + 3a - 5, 

that is when s > § — y, or r > | — a. This achieves the proof of (|4.28[) and of the 
local H r estimate. 

By classical (compactness) arguments, one gets the existence of a solution u G 
L°°(0,T*,H r (R)), where T* = T*{\\u \\ H r) > 0. 

We now prove the uniqueness of this local solution. We have of course to take 
profit of the smoothing effect of the operator (/ + D")" 1 . Hcuristically, in the 
Burgers case (a = 0), the uniqueness holds when is controlled. This is 

replaced here by a control on ||D 1_a it||Lc>° which is fine since D 1 ~ a u <S H r ~ 1+a (R), 
and r — 1 + a > | by our choice of r. 

Let u and v be two solutions and w — u — v. One has 

(4.29) w t + d x (I + D a )-\w + ^w(u + v)) = 0. 

We take the L 2 scalar product of (|4.29p with D s w and apply the Leibniz rule and 
integration by parts to get 

r '\D s w\ 2 + \D s+ ^\ 2 )dx < { \D s {u + v)w x D s w)\dx 



(4.30) 



2 



- / \{u + v) x \ \D s w\ 2 dx+ I \RD s w\dx, 
2 Jk Jwl 



where \\R\\ L 2 <\\D s - € {u + v)\\ L 4D e w\\ L ,, ^ + \ = \, for any < e < s. As 
above, the first two integrals on the RHS are majorized by C\\u + v\\Hr\\w \\jj r (we 
recall that r = s + §). Similarly, one obtains that 



/ \RD s w\dx <\\u + v\\ Hr \\w\\ 2 Hr 

JR 



and we conclude with Gronwall's lemma. 

The strong continuity in time of the local solution and the continuity of the 
flow map can be established via the Bona-Smith trick (see for example the proof of 
Theorem H~4|). 

□ 

Remark 4.6. Proving that the existence time of the local solution of 

(4.31) d t u + d x u + eud x u + eD a d t u = 0, 

is for a £ (0, 1) strictly larger than O(-) is an open question. 

Remark 4.7. It has been established in [7] that the linearization of (|4.21[) at 
displays the dispersive blow-up property if and only if a < 1. 
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